Quantification of Gaussian quantum steering by Kogias, Ioannis et al.
Quantification of Gaussian Quantum Steering
Ioannis Kogias,∗ Antony R. Lee,† Sammy Ragy,‡ and Gerardo Adesso§
School of Mathematical Sciences, The University of Nottingham, University Park, Nottingham NG7 2RD, United Kingdom
(Dated: December 18, 2014)
Einstein-Podolsky-Rosen steering incarnates a useful nonclassical correlation which sits between entangle-
ment and Bell nonlocality. While a number of qualitative steering criteria exist, very little has been achieved for
what concerns quantifying steerability. We introduce a computable measure of steering for arbitrary bipartite
Gaussian states of continuous variable systems. For two-mode Gaussian states, the measure reduces to a form
of coherent information, which is proven never to exceed entanglement, and to reduce to it on pure states. We
provide an operational connection between our measure and the key rate in one-sided device-independent quan-
tum key distribution. We further prove that Peres’ conjecture holds in its stronger form within the fully Gaussian
regime: namely, steering bound entangled Gaussian states by Gaussian measurements is impossible.
PACS numbers: 03.65.Ud, 03.67.Mn, 03.67.Dd, 42.50.Dv
Quantum correlations have been intensively investigated in
recent years after the realization that, besides their founda-
tional importance, they can be exploited to outperform any
classical approach in certain tasks, e.g. in computation [1],
secure communication [2, 3] and metrology [4]. For mixed
states of composite quantum systems, quantum correlations
can manifest in different forms [5]. While entanglement [6]
and Bell nonlocality [7] are two of the most well-studied such
manifestations, an intermediate type of quantum correlation,
known as quantum steering [8, 9], has only quite recently at-
tracted a renewed interest from the quantum information com-
munity [10, 11], opening new avenues for theoretical explo-
ration and practical applications.
Steering is the quantum mechanical phenomenon that al-
lows one party, Alice, to change (i.e. to ‘steer’) the state of a
distant party, Bob, by exploiting their shared entanglement.
This phenomenon, fascinatingly discussed by Schro¨dinger
[8, 9], was already noted by Einstein, Podolksy and Rosen
(EPR) in their famous 1935 paper [12], and is at the heart
of the so-called EPR paradox [13]. There it was argued that
steering implied an unacceptable “action at a distance”, which
led EPR to claim the incompleteness of quantum theory. The
EPR expectations for local realism were mostly extinguished
by Bell’s theorems [14, 15], which showed that no locally
causal theory can reproduce all the correlations observed in
nature [16]. The first experimental criterion for the demon-
stration of the EPR paradox, i.e., for the detection of quantum
steering, was later proposed by Reid [17], but it was not un-
til 2007 that the particular type of nonlocality captured by the
concept of steering [8, 9, 12] was in fact formalized [10, 18].
From a quantum information perspective [10], steering cor-
responds to the task of verifiable entanglement distribution
by an untrusted party. If Alice and Bob share a state which
is steerable in one way, say from Alice to Bob, then Alice
is able to convince Bob (who does not trust Alice) that their
shared state is entangled, by performing local measurements
and classical communication [10]. Notice that steering, un-
like entanglement, is an asymmetric property: a quantum state
may be steerable from Alice to Bob, but not vice versa. On the
operational side, it has been recently realized that steering pro-
vides security in one-sided device-independent quantum key
distribution (QKD) [19], where the measurement apparatus
of one party only is untrusted. These protocols are less de-
manding than totally device-independent ones, for which Bell
nonlocality is known to be necessary [3]. Experimentally, at
variance with the case of Bell tests, a demonstration of steer-
ing free of detection and locality loopholes is in reach [19–
22], which makes one-sided device-independent QKD appeal-
ing for current technology and quantum steering a practically
useful concept. EPR steering also plays an operative role in
channel discrimination [23] and tele-amplification [24].
Several experiments have been already performed, demon-
strating steering and its asymmetry [21, 22, 25–31], and a
number of recent studies have been devoted to improve our
understanding of quantum steerability, ranging from the de-
velopment of better criteria to detect steerable states [32–36],
to the analysis of the distribution of steering among multi-
ple parties [37–40]. However unlike entanglement, for which
a variety of operationally-motivated measures exist [6, 41],
there is still a surprisingly scarce literature addressing the fun-
damental question of quantifying how steerable a given quan-
tum state is [11, 23, 42].
In this Letter we present a comprehensive quantitative in-
vestigation of steerability in the archetypical setting of bipar-
tite continuous variable systems, for which the very notion of
EPR steering was originally debated and analyzed [12, 17].
We focus on a fully Gaussian scenario: namely, we con-
sider generally mixed multimode bipartite Gaussian states,
that constitute a distinctive corner of the infinite-dimensional
Hilbert space [43–45], and study their steerability under Gaus-
sian measurements [46, 47]. By analyzing the degree of viola-
tion of a necessary and sufficient criterion for Gaussian steer-
ability [10, 18], we obtain a computable measure of Gaussian
steering, and we investigate its properties. In the special case
of two-mode Gaussian states, we characterize the maximum
allowed steering asymmetry, we connect the measure opera-
tionally to the key rate of one-sided device-independent QKD
[48], and we show that the Gaussian steering degree is up-
per bounded by the Gaussian Re´nyi-2 entanglement [49], with
equality on pure states. Finally, we prove in general that (mul-
timode) bound entangled Gaussian states cannot be steered by
Gaussian measurements, a result of relevance in view of the
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2recent debate about a conjecture by Peres and its recently pro-
posed strenghtening by Pusey [50–53].
Let us first briefly introduce the reader to the Gaussian
realm. Gaussian states and operations play a central role
in the analysis and implementation of continuous variable
quantum technologies [43, 45]. In our Letter, we consider a
generic Gaussian (n + m)-mode state ρAB of a bipartite sys-
tem, comprised of a subsystem A (for Alice) of n modes
and a subsystem B (for Bob) of m modes. For each mode
j, belonging to A (B), we define the phase-space operators
xˆA(B)j , pˆ
A(B)
j , grouped for convenience into the vector Rˆ =
(xˆA1 , pˆ
A
1 , . . . , xˆ
A
n , pˆ
A
n , xˆ
B
1 , pˆ
B
1 , . . . , xˆ
B
m, pˆ
B
m)
T, satisfying the canon-
ical commutation relations which are compactly written as
[Rˆi, Rˆ j] = iΩi j, with Ω =
⊕n+m
1
(
0 1
−1 0
)
being the symplectic
form. Any Gaussian state ρAB is fully specified, up to local
displacements, by its covariance matrix (CM),
σAB =
(
A C
CT B
)
, (1)
with elements σi j = Tr
[{Rˆi, Rˆ j}+ ρAB]. Notice that the subma-
trices A and B are the CMs correspoding to the reduced states
of Alice’s and Bob’s subsystems respectively. Every CM σAB
that corresponds to a physical quantum state has to satisfy the
bona fide condition,
σAB + i (ΩA ⊕ ΩB) ≥ 0. (2)
Let us now formally define steerability. Under a set of
measurements MA on Alice, a bipartite state ρAB is A → B
steerable—i.e., Alice can steer Bob—iff it is not possible for
every pair of local observables RA ∈ MA on A and RB (ar-
bitrary) on B, with respective outcomes rA and rB, to ex-
press the joint probability as [10] P (rA, rB|RA,RB, ρAB) =∑
λ
℘λ ℘ (rA|RA, λ) P (rB|RB, ρλ). That is, at least one measure-
ment pair RA and RB must violate this expression when ℘λ is
fixed across all measurements. Here ℘λ and ℘ (rA|RA, λ) are
arbitrary probability distributions and P (rB|RB, ρλ) is a proba-
bility distribution subject to the extra condition of being eval-
uated on a quantum state ρλ, meaning that a complete knowl-
edge of Bob’s devices (but not of Alice’s ones) is required to
formulate the steering condition.
In the fully Gaussian scenario, where ρAB is a Gaussian
state described by the CM σAB (1), we will focus on Alice’s
measurement set MA to be Gaussian (i.e., mapping Gaus-
sian states into Gaussian states). A Gaussian measurement
[47], which is generally implemented via symplectic trans-
formations followed by balanced homodyne detection, can be
described by a positive operator with a CM T RA , satisfying
T RA +iΩA ≥ 0. Every time Alice makes a measurement RA and
gets an outcome rA, Bob’s conditioned state ρ
rA |RA
B is Gaussian
with a CM given by BRA = B −C
(
T RA + A
)−1
CT, independent
of Alice’s outcome.
It can be shown [10] that a general (n + m)-mode Gaussian
state ρAB is A → B steerable by Alice’s Gaussian measure-
ments iff the condition
σAB + i (0A ⊕ ΩB) ≥ 0, (3)
is violated. Writing this in matrix form, using (1), the non-
steerability inequality (3) is equivalent to two simultaneous
conditions: (i) A > 0, and (ii) MBσ + iΩB ≥ 0, where
MBσ = B − CTA−1C is the Schur complement of A in the CM
σAB. Condition (i) is always verified since A is a physical
CM. Therefore, σAB is A → B steerable iff the symmetric
and positive definite 2m × 2m matrix MBσ is not a bona fide
CM, i.e., if condition (ii) is violated [10, 18]. By Williamson’s
theorem [54], MBσ can be diagonalized by a symplectic trans-
formation S B such that S BMBσS
T
B = diag{ν¯B1 , ν¯B1 , . . . , ν¯Bm, ν¯Bm},
where {ν¯Bj } are the symplectic eigenvalues of MBσ, which can
be determined by m local symplectic invariants [55]; alterna-
tively, they can be computed as the orthogonal eigenvalues of
the matrix |iΩBMBσ|. The nonsteerability condition (3) is thus
equivalent to ν¯Bj ≥ 1 for all j = 1, . . . ,m.
We then propose to quantify how much a a bipartite (m+n)-
mode Gaussian state with CM σAB is steerable (by Gaussian
measurements on Alice’s side) via the following quantity
GA→B(σAB) := max
{
0, −
∑
j:ν¯Bj <1
ln(ν¯Bj )
}
. (4)
This quantity, hereby defined as Gaussian A → B steer-
ability, is invariant under local unitaries (symplectic opera-
tions at the CM level), it vanishes iff the state described by
σAB is nonsteerable by Gaussian measurements, and it gen-
erally quantifies the amount by which the condition (3) fails
to be fulfilled. Clearly, a corresponding measure of Gaussian
B → A steerability can be obtained by swapping the roles
of A and B, resulting in an expression like (4), in which the
symplectic eigenvalues of the 2n × 2n Schur complement of
B, MAσ = A − CB−1CT, appear instead. We highlight the for-
mal similarity with the formula for the logarithmic negativity
[6, 41, 56, 57]—an entanglement measure which quantifies
how much the positivity of the partial transpose condition for
separability is violated [58–61]—for Gaussian states; in the
latter case, however, the symplectic eigenvalues of the par-
tially transposed CM are considered [41, 43, 56, 62].
The proposed measure of steering is easily computable for
bipartite Gaussian states of an arbitrary number of modes.
When the steered party, e.g. Bob in Eq. (4), has one mode
only (m = 1), the Gaussian steerability acquires a particularly
simple form. Indeed, in such a case, MBσ has a single symplec-
tic eigenvalue, ν¯B =
√
det MBσ; recalling that, by definition of
Schur complement, detσAB = det A det MBσ, we have
GA→B(σAB) = max {0, 12 ln det AdetσAB } = max {0, S(A)−S(σAB)} ,
(5)
where we have introduced the Re´nyi-2 entropy S, which for a
Gaussian state with CM σ reads S(σ) = 12 ln(detσ) [49].
Interestingly, the quantity S(A) − S(σAB) ≡ IA〈B can be
seen as a form of quantum coherent information [63], but with
Re´nyi-2 entropies replacing the conventional von Neumann
entropies. Thanks to this connection, we can now prove some
valuable properties of the Gaussian steering measure (5) for
(n+1)-mode Gaussian states, namely: (a) GA→B is convex; (b)
GA→B is monotonically decreasing under quantum operations
3FIG. 1: (Color online) Classification of separability and Gaussian
steerability of two-mode Gaussian states with marginal purities µA
and µB and global purity µ = (µAµB)/η, here plotted for η = 12 . By
Gaussian measurements, states above the dashed line are A → B
steerable and states to the right of the dotted line are B → A steer-
able. An overlay of the symmetrized degree of steerability G↔ ≡
max{GA→B, GB→A} is depicted in the region of entangled states. See
text for further details on the various regions and their boundaries.
on the (untrusted) steering party Alice; (c) GA→B is additive,
i.e., given the tensor product of two Gaussian states ρ1AB ⊗ ρ2AB
with corresponding CM σ1AB ⊕σ2AB, then GA→B(σ1AB ⊕σ2AB) =GA→B(σ1AB) + GA→B(σ2AB); (d) GA→B(σAB) = E(σpAB) for σpAB
pure, and (e) GA→B(σAB) ≤ E(σAB) for σAB mixed, where E
denotes the Gaussian Re´nyi-2 measure of entanglement [49].
The proof of (a) follows from the concavity of the Re´nyi-
2 entropy. The proof of (b) follows from the fact that the
Gaussian Re´nyi-2 coherent information IA〈B obeys the data
processing inequality (which in turn is a consequence of the
strong subadditivity of the Re´nyi-2 entropy S for Gaussian
states) [49, 63], IA′〈B ≤ IA〈B if A′ is obtained from A by the
action of a Gaussian quantum channel. Property (c) follows
from straightforward linear algebra and the additivity of the
logarithm. The proof of (d) is immediate, as for pure states
S(σpAB) = 0 and E(σpAB) = S(A). Property (e) needs to be
proven when GA→B > 0, in which case GA→B = IA〈B. We
recall that the Re´nyi-2 entanglement of a bipartite Gaussian
state ρAB is defined via a Gaussian convex roof procedure
[43, 49], E(ρAB) = inf{pi, |ψi〉}
∑
i piS(TrB|ψi〉〈ψi|), where the
pure states {|ψi〉} are Gaussian; let us denote by {p′i , |ψ′i〉} the
optimal decomposition of ρAB which minimizes the Re´nyi-2
entanglement. We have then E(ρAB) = ∑i p′iS(TrB|ψ′i〉〈ψ′i |) =∑
i p′iIA〈B(|ψ′i〉〈ψ′i |) ≥ IA〈B(
∑
i p′i |ψ′i〉〈ψ′i |) = IA〈B(ρAB) =GA→B(ρAB), where we used, in order, properties (d) and (a).
Remarkably, properties (d) and (e) demonstrate that our mea-
sure of Gaussian steering respects the hierarchy of quantum
correlations [10]. Property (b) is interesting, and we leave it
for further investigation to establish whether any valid mea-
sure of steering [11, 23] should obey such monotonicity [64].
In the following, we specialize our attention onto the
paradigmatic case of two-mode Gaussian states (n = m =
1), for which the degree of steering in both ways can be
easily measured according to our definition: GA→B(σAB) =
max{0, S(A) − S(σAB)} and GB→A(σAB) = max{0, S(B) −
S(σAB)}. Qualification and quantification of steering in two-
mode Gaussian states thus reduces entirely to an interplay be-
tween the global purity µ = 1/
√
detσAB and the two marginal
purities µA(B) = 1/
√
det A(B). Introducing the ratio η =
(µAµB)/µ, all physical two-mode Gaussian states live in the re-
gion η0 ≤ η ≤ 1 where η0 = µAµB + |µA − µB| [62]. States with
ηs ≤ η ≤ 1 where ηs = µA + µB − µAµB are necessarily separa-
ble, states with ηe ≤ η < ηs where ηe =
√
µ2A + µ
2
B − µ2Aµ2B can
be entangled or separable (coexistence region), while states
with η0 ≤ η < ηe are necessarily entangled [62]. Within the
latter region, states with η ≥ {µA, µB} are nonsteerable; states
with η < µB are A → B steerable; states with η < µA are
B → A steerable. This allows us to classify the separability
and steerability (by Gaussian measurements) of all two-mode
Gaussian states in the (µA, µB, η) space, completing the pro-
gramme advanced a decade ago in [62, 65]. A cross-section
of this insightful classification for η = 12 is visualized in Fig. 1.
We have seen in general how steering can never exceed en-
tanglement for Gaussian states (with one steered mode). It is
interesting to investigate how small GA→B can also be for a
given Re´nyi-2 entanglement E, on arbitrary two-mode Gaus-
sian states. To address this question we exploit the local-
unitary-invariance of GA→B, and consider without loss of gen-
erality its evaluation on CMs (1) in standard form, charac-
terized by A = diag(a, a), B = diag(b, b), C = diag(c, d).
We can then perform a constrained minimization of GA→B at
fixed E, over the covariances a, b, c, d, subject to the condi-
tion (2). We find that the extremal states sit on the boundary
η = η0, and have a CM σxAB specified by b = a − 1 + a/s,−d = c = √(a − 1)(s + 1)(a/s), with a ≥ s ≥ 1, in the limit
a → ∞. For these extremal states, GA→B(σxAB) = ln(s) andE(σxAB) = ln(2s + 1). Analogous results hold for GB→A. For
all two-mode Gaussian states with a given E, the steering mea-
sures thus admit an upper and a lower bound [see Fig. 2(a)],
max
{
0, ln
[ 1
2 (e
E − 1)]} ≤ {GA→B, GB→A} ≤ E, where the left-
most inequality is saturated on the extremal states σxAB, and
the rightmost one on pure (two-mode squeezed) states σpAB,
specified by b = a,−d = c = √a2 − 1. This entails, in par-
ticular, that all two-mode Gaussian states with E > ln 3 ≈ 1.1
are necessarily steerable in both ways; for highly entangled
states, E  0, the Gaussian steering measure (in either way)
remains bounded between E and E − ln 2.
The asymmetry of steering in the Gaussian setting has been
experimentally demonstrated in [27]. Clearly, GA→B , GB→A
in general, but how asymmetric can steerability be, at most,
on two-mode Gaussian states? By maximizing the difference
|GB→A − GA→B| on standard form CMs, we find quite intrigu-
ingly that the states endowed with maximum steering asym-
metry are exactly the ones with CM σxAB defined above, for
which GA→B = ln(s) and GB→A = ln(s + 1). For all two-mode
Gaussian states, one has then max{0, ln[exp(GA→B) − 1]} ≤
GB→A ≤ ln[exp(GA→B) + 1]. This entails that the steering
asymmetry |GB→A − GA→B| can never exceed ln 2, it is maxi-
mal when the state is nonsteerable in one way, and it decreases
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FIG. 2: (Color online) Plots of (a) Gaussian steerability versus Gaus-
sian Re´nyi-2 entanglement and (b) A → B versus B → A Gaussian
steerability, for two-mode Gaussian states. Physically allowed states
fill the shaded (green online) regions. Pure states σpAB sit on the upper
(dashed) boundary in panel (a); the lower (solid) boundaries in both
plots accommodate extremal states σxAB, while swapping A and B in
them one obtains states σxBA which fill the upper boundary in (b).
with increasing steerability in either way [see Fig. 2(b)].
We now investigate operational interpretations for the pro-
posed steering quantifier(s) for two-mode Gaussian states. We
observe from [10, 18] that our measures, evaluated on stan-
dard form CMs, are monotonic functions of the product of the
(minimum) conditional variances associated to local homo-
dyne detections, which appear in the seminal Reid criterion
for the EPR paradox [17]: namely, VxA |xB VpA |pB = det MAσ =
detσAB/ det B and VxB |xA VpB |pA = det MBσ = detσAB/ det A;
this renders GA→B and GB→A directly accessible experimen-
tally. We can then show that these measures find important ap-
plications for the task of one-sided device-independent QKD
[19], which has been recently extended to continuous vari-
ables [48]. Considering the relevant entanglement-based pro-
tocol [2], let a two-mode entangled Gaussian state with CM
σAB in standard form be shared between Alice and Bob, who
want to establish a secret key. By performing homodyne de-
tections on their modes, and a direct reconciliation scheme
(where Alice sends corrections to Bob), they can achieve a se-
cret key rate K ≥ max
{
0, ln
(
2
e
√
VxA |xB VpA |pB
)}
[48]. This bound
can be readily expressed in terms of the B → A Gaussian
steerability of σAB, yielding
K ≥ max{0, GB→A(σAB) + ln 2 − 1}. (6)
In the case of a reverse reconciliation protocol, the corre-
sponding key rate (6) would involve GA→B rather than GB→A.
Therefore, the degree of Gaussian steerability defined in this
Letter nicely quantifies the guaranteed key rate achievable
within a practical semi-device-independent QKD setting, re-
alizable with current optical technology [27, 48].
Finally, we address the more fundamental question of steer-
ability of bound entangled Gaussian states. Peres conjectured
that states whose entanglement cannot be distilled, i.e., bound
entangled states [6], cannot violate any Bell inequality [50].
Recently, Pusey proposed a stronger conjecture, namely that
bound entangled states cannot even display EPR steering [51].
Surprisingly, both conjectures have been now disproven, by
identifying steerable [52] and nonlocal [53] bound entangled
qudit states. However, the question stayed open for contin-
uous variable systems, and we settle it in the Gaussian case.
Let σAB be the CM of a general bound entangled (n+m)-mode
Gaussian state. Any such state obeys the bona fide condition
(2) as well as the condition
σAB + i (−ΩA) ⊕ ΩB ≥ 0 , (7)
which amounts to positivity under partial transposition [61].
Adding the two matrix inequalities together, one obtains
(twice) the nonsteerability condition (3). This remarkably
simple proof yields a general no-go result: steering bound en-
tangled Gaussian states by Gaussian measurements is impos-
sible; i.e., the Peres-Pusey conjecture holds in a fully Gaussian
scenario.
In conclusion, we presented an intuitive and computable
quantification of EPR steering [10] for bipartite Gaussian
states under Gaussian measurements. We linked our mea-
sure to the key rate of one-sided device-independent QKD
[48] and proved hierarchical relationships with entanglement.
This Letter delivers substantial advances for the characteriza-
tion of EPR steering and provides an important addition to the
established framework of Gaussian quantum information the-
ory [43–45]. In principle, our approach might be applied as
well to general states: Namely, for a (non-Gaussian) bipartite
state ρAB, one can define an indicator of steerability by Gaus-
sian measurements as in Eq. (4), with σAB denoting the CM of
the second moments of ρAB. This may be connected, in gen-
eral, to the degree of violation of optimized Reid–type linear
variance criteria for EPR steering [13, 17, 18, 32, 66]. Notice
however that a bipartite non-Gaussian state ρAB can still be
steerable even if its GA→B vanishes, as the state may possess
EPR correlations only detectable via nonlinear criteria involv-
ing higher order moments [32, 33]; e.g., a two-qubit pure Bell
state is clearly steerable but its CM fails to violate (3).
The interplay between EPR steering [10], ‘obesity’ of steer-
ing ellipsoids [67], and other forms of asymmetric nonclas-
sical correlations such as discord [5, 68–70], is worthy of
further investigation. We also plan to generalize our analy-
sis to multipartite settings [38], in order to derive quantitative
monogamy inequalities for steering [39], complementing the
existing ones for Gaussian entanglement [43, 49, 71].
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Note added. After completion of the present manuscript, an
independent proof of Peres’ conjecture for Gaussian states un-
der Gaussian measurements has been reported in Ref. [72].
∗ Electronic address: john k 423@yahoo.gr
5† Electronic address: pmaal1@nottingham.ac.uk
‡ Electronic address: pmxsr3@nottingham.ac.uk
§ Electronic address: Gerardo.Adesso@nottingham.ac.uk
[1] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press, Cam-
bridge, Cambridge, 2000).
[2] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[3] A. Acin, N. Brunner, N. Gisin, S. Massar, S. Pironio, and
V. Scarani, Phys. Rev. Lett. 98, 230501 (2007).
[4] V. Giovannetti, S. Lloyd, and L. Maccone, Nat. Photon. 5, 222
(2011).
[5] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Vedral, Rev.
Mod. Phys. 84, 1655 (2012).
[6] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).
[7] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[8] E. Schro¨dinger, Proc. Camb. Phil. Soc. 32, 446 (1936).
[9] E. Schro¨dinger, Proc. Camb. Phil. Soc. 31, 555 (1935).
[10] H. M. Wiseman, S. J. Jones, and A. C. Doherty, Phys. Rev. Lett.
98, 140402 (2007).
[11] P. Skrzypczyk, M. Navascue´s, and D. Cavalcanti, Phys. Rev.
Lett. 112, 180404 (2014).
[12] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777
(1935).
[13] M. D. Reid, P. D. Drummond, W. P. Bowen, E. G. Cavalcanti,
P. K. Lam, H. A. Bachor, U. L. Andersen, and G. Leuchs, Rev.
Mod. Phys. 81, 1727 (2009).
[14] J. S. Bell, Physics 1, 195 (1964).
[15] J. S. Bell, Epistemological Lett. 9, 11 (1976).
[16] A. Aspect, P. Grangier, and G. Roger, Phys. Rev. Lett. 49, 91
(1982).
[17] M. D. Reid, Phys. Rev. A 40, 913 (1989).
[18] S. J. Jones, H. M. Wiseman, and A. C. Doherty, Phys. Rev. A
76, 052116 (2007).
[19] C. Branciard, E. G. Cavalcanti, S. P. Walborn, V. Scarani, and
H. M. Wiseman, Phys. Rev. A 85, 010301 (2012).
[20] G. Vallone, Phys. Rev. A 87, 020101 (2013).
[21] B. Wittmann, S. Ramelow, F. Steinlechner, N. K. Langford, N.
Brunner, H. M. Wiseman, R. Ursin, and A. Zeilinger, New J.
Phys. 14, 053030 (2012).
[22] S. Kocsis, M. J. W. Hall, A. J. Bennet, and G. J. Pryde,
arXiv:1408.0563 (2014).
[23] M. Piani and J. Watrous, Phys. Rev. Lett. 114, 060404 (2015).
[24] M. D. Reid and Q. Y. He, arXiv:1410.1041 (2014).
[25] D. J. Saunders, S. J. Jones, H. M. Wiseman, and G. J. Pryde,
Nat. Phys. 6, 845 (2010).
[26] T. Eberle, V. Ha¨ndchen, J. Duhme, T. Franz, R. F. Werner, and
R. Schnabel, Phys. Rev. A 83, 052329 (2011).
[27] V. Ha¨ndchen, T. Eberle, S. Steinlechner, A. Samblowski,
T. Franz, R. F. Werner, and R. Schnabel, Nat. Photon. 6, 598
(2012).
[28] A. J. Bennet, D. A. Evans, D. J. Saunders, C. Branciard, E. G.
Cavalcanti, H. M. Wiseman, and G. J. Pryde, Phys. Rev. X 2,
031003 (2012).
[29] D. H. Smith, G. Gillett, M. P. de Almeida, C. Branciard,
A. Fedrizzi, T. J. Weinhold, A. Lita, B. Calkins, T. Gerrits,
H. M. Wiseman, et al., Nat. Commun. 3, 625 (2012).
[30] S. Steinlechner, J. Bauchrowitz, T. Eberle, and R. Schnabel,
Phys. Rev. A 87, 022104 (2013).
[31] K. Sun, J.-S. Xu, X.-J. Ye, Y.-C. Wu, J.-L. Chen, C.-F. Li, and
G.-C. Guo, Phys. Rev. Lett. 113, 140402 (2014).
[32] E. G. Cavalcanti, S. J. Jones, H. M. Wiseman, and M. D. Reid,
Phys. Rev. A 80, 032112 (2009).
[33] S. P. Walborn, A. Salles, R. M. Gomes, F. Toscano, and P. H.
Souto Ribeiro, Phys. Rev. Lett. 106, 130402 (2011).
[34] J. Schneeloch, C. J. Broadbent, S. P. Walborn, E. G. Cavalcanti,
and J. C. Howell, Phys. Rev. A 87, 062103 (2013).
[35] E. C. G. Cavalcanti, M. J. W. Hall, and H. M. Wiseman, Phys.
Rev. A 87, 032306 (2013).
[36] T. Pramanik, M. Kaplan, and A. S. Majumdar, Phys. Rev. A 90,
050305(R) (2014).
[37] S. L. W. Midgley, A. J. Ferris, and M. K. Olsen, Phys. Rev. A
81, 022101 (2010).
[38] Q. Y. He and M. D. Reid, Phys. Rev. Lett. 111, 250403 (2013).
[39] M. D. Reid, Phys. Rev. A 88, 062108 (2013).
[40] J. Bowles, T. Ve´rtesi, M. T. Quintino, and N. Brunner, Phys.
Rev. Lett. 112, 200402 (2014).
[41] M. B. Plenio and S. Virmani, Quantum Info. Comput. 7, 1
(2007).
[42] A. C. S. Costa, R. M. Angelo, and M. W. Beims,
arXiv:1311.5702 (2013).
[43] G. Adesso and F. Illuminati, J. Phys. A: Math. Theor. 40, 7821
(2007).
[44] G. Adesso, S. Ragy, and A. R. Lee, Open Syst. Inf. Dyn. 21,
1440001 (2014).
[45] C. Weedbrook, S. Pirandola, R. Garcı´a-Patro´n, N. J. Cerf, T. C.
Ralph, J. H. Shapiro, and S. Lloyd, Rev. Mod. Phys. 84, 621
(2012).
[46] J. Eisert, S. Scheel, and M. B. Plenio, Phys. Rev. Lett. 89,
137903 (2002).
[47] J. Fiura´sˇek, Phys. Rev. Lett. 89, 137904 (2002).
[48] N. Walk, H. M. Wiseman, and T. C. Ralph, arXiv:1405.6593
(2014).
[49] G. Adesso, D. Girolami, and A. Serafini, Phys. Rev. Lett. 109,
190502 (2012).
[50] A. Peres, Found. Phys. 29, 589 (1999).
[51] M. F. Pusey, Phys. Rev. A 88, 032313 (2013).
[52] T. Moroder, O. Gittsovich, M. Huber, and O. Gu¨hne, Phys. Rev.
Lett. 113, 050404 (2014).
[53] T. Ve´rtesi and N. Brunner, Nat. Commun. 5, 5297 (2014).
[54] J. Williamson, Am. J. Math. 58, 141 (1936).
[55] A. Serafini, Phys. Rev. Lett. 96, 110402 (2006).
[56] G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314 (2002).
[57] M. B. Plenio, Phys. Rev. Lett. 95, 090503 (2005).
[58] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[59] M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Lett. A
223, 1 (1996).
[60] R. Simon, Phys. Rev. Lett. 84, 2726 (2000).
[61] R. F. Werner and M. M. Wolf, Phys. Rev. Lett. 86, 3658 (2001).
[62] G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. A 70,
022318 (2004).
[63] M. M. Wilde, Quantum Information Theory (Cambridge Uni-
versity Press, Cambridge, 2013).
[64] R. Gallego and L. Aolita, arXiv:1409.5804 (2014).
[65] G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. Lett. 92,
087901 (2004).
[66] I. Kogias and G. Adesso, arXiv:1411.0444 (2014).
[67] S. Jevtic, M. Pusey, D. Jennings, and T. Rudolph, Phys. Rev.
Lett. 113, 020402 (2014).
[68] G. Adesso and A. Datta, Phys. Rev. Lett. 105, 030501 (2010).
[69] P. Giorda and M. G. A. Paris, Phys. Rev. Lett. 105, 020503
(2010).
[70] Q. Y. He, Q. H. Gong, and M. D. Reid, Phys. Rev. Lett. 114,
060402 (2015).
[71] G. Adesso and F. Illuminati, Phys. Rev. Lett. 99, 150501 (2007).
[72] S.-W. Ji, M. S. Kim, and H. Nha, arXiv:1411.0437 (2014).
